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Abstract

In the present paper, we investigate the Hyers-Ulam stability of the quadratic
functional equation and the Jensen functional equation on unbounded domains.

1. Introduction

In 1940, Ulam [30] gave a wide ranging talk before the mathematics
club of the University of Wisconsin, in which he discussed a number of
important unsolved problems. Among those was the question concerning

the stability of group homomorphisms:
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Let G; be a group and let G9 be a metric group with the metric d.
Given ¢ >0, does there exist a & >0 such that, if a function
f : G; = Gy satisfies the inequality d(f(xy), f(x)f(y)) < & for all x, y in
G;, then there exists a homomorphism a:G; > Gy such that
d(a(x), f(x)) < ¢ for all xin G;?

The case of approximately additive functions was solved by Hyers [8]
under the condition that G; and Gy are Banach spaces. Taking this fact
into account, the Cauchy functional equation f(x + y) = f(x) + f(y) is said
to have Hyers-Ulam stability on (Gy, Gg). The result of Hyers was

significantly generalized by Rassias [19]. Since then, the stability of
several functional equations have been investigated. The terminology

Hyers-Ulam-Rassias stability originates from these historical backgrounds.

It should be remarked that, we can find in [5], [11], [24], and [25] a lot
of references concerning the Hyers-Ulam-Rassias stability of functional
equations, (see also [3], [4], [6], [7], [9], [14], [20], [21], and [23]).

A stability problem for the quadratic functional equation
flx+y)+ flx —y) = 2f(x) + 2f(y), =x,y¢€kE, (1.1)
was proved by Skof [26], and later by Jung [13] on unbounded domains.

Equation (1.1) has been generalized by Stetkaer [29] to the more
general equation

flx +y)+ flx + o(y)) = 2f(x) + 2f(y), «x,ye€E, (1.2)

where o : E — E is an automorphism of the normed space E such that
cooc = I, (I denotes the identity).

Recently, the stability theorem of Equation (1.2) and the Jensen
functional equations

flx +y)+ flx +o(y) = 2f(x), x,y€kE, (1.3)
fle+y) = flx +o(y) = 2f(y), x yekE, (1.4)

has been proved, (see [2], [16], and [17]).
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In [18], the authors investigated the stability of Equations (1.2) and
(1.3) on unbounded domains: {(x, y) € EZ : |y > d}.

The stability problems of several functional equations on a restricted
domains have been extensively investigated by a number of authors, we
refer, for example, to [9], [12], [15], [27], and [28].

Our main goal in this paper is to investigate the Hyers-Ulam stability
problem for the Equations (1.2), (1.3), and (1.4) on unbounded domains:

{(x, y) e E% : x| = d}.

2. Hyers-Ulam Stability of Equation (1.2)
on Unbounded Domains

In this section, we will investigate the Hyers-Ulam stability of

Equation (1.2) on unbounded domains: {(x, y) € EZ : |x| > d}.

Theorem 2.1. Let d > 0,8 >0, and y > 0 be given. Assume that a

mapping [ : E — F satisfies the inequalities
[f(x + )+ flo + () - 2(x) - 2f(¥)] < &, (2.1)
If(x) = Flol))] < v, (2.2)

for all x,y e E with |x|=d. Then, there exists a unique solution

q : E —» F of Equation (1.2) such that

IFx) = ae)l = 5+ 3F 2.3)

forall x € E.

Proof. First, we will prove that the function x - |f(x) - f(o(x))| is
bounded on E. Let x € E such that |x|] <d and of(x)# x, and let
z = 2"x with n large enough, so |z| > d, |o(z)| > d, and |x — 2| > d. By

using now, the inequalities (2.1), (2.2), the triangle inequality, and the
following equation

f(x) = f(o(x)) = (o) + x - 2) + f(o(x)) - 2(c(2)) - 2f(x - 2)]
Hf(z + o(x) - o(2)) + f(x) - 2/(2) - 2f(olx) - o(2))]
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+2[f(2) = f(o(2)] + [f(o(2) + x — 2) - f(z + o(x) - o(2))]
+2[f(o(x) - o(2)) - flx - 2)],
we get
1£(x) - F(olx)] < 26 + 5, 2.4)

for all x € E. Now, we will show that the function: (x, y) — |f(x + y) +
f(x + o(y)) - 2f(x) - 2f(y)| is bounded on E. Let x, y € E such that
|¥|| < d. If x =0, then we have [f(0+ y)+ f(0+ o(y))—2f(0)-2f(y)|
= |f(s(y)) - f(y) - 2f(0)] < 28 + By + 2|f(0)]. For x =0, we choose

z = 2"x, n € N, and we discuss the following cases.
Case 1. o(x) # —x.

With n large enough, we have |z] > d, |x + 2| > d, |o(x) + 2| > d,
|y + o(2)] > d, and ||z + o(z)|| > d. By using (2.1), (2.2), the triangle

inequality, and the following decomposition:
2Af(x + )+ flx + oy)) - 2f(x) - 2f(¥)]
=[fx+z+y+0RE@)+ flx+z+0o(y)+2)-2f(x +2)-2f(y + 2)]

—f(2z + x + o(y)) + (22 + olx) + y) - 2f(22) - 2f(x + o(v))]
H/f(o(x) + 2+ y+2)+ f(o(x) + 2 + o(y) + 6(2)) - 2f(c(x) + 2) = 2f(y + 2)]
+2[f(z + %) + f(z + o(x)) - 2f(2) - 2 (x)]
+2[f(z + y) +£(z + o(y)) - 2f(2) - 2f(¥)]
~2[f(22) + f(z + o(2)) - 2f(2) - 2f(2)] + 2 f(y + o(2)) - f(z + o(y))]
—f(z +0(2) + x + y) + f(z + o(2) + olx) + o(y)) - 2f(2 + o(2)) - 2f (x + y)],

we obtain

[f(x + )+ flx + o(y)) — 2f(x) — 2f(y)|| < 5 + v. (2.5)
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Case 2. o(x) = —x.
In this case, we use the following relation:
2f(x + ) + flx + o(y)) - 2f(x) - 2f(v)]
= —[f(2z + x + y) + f(22 — x + o(y)) - 2f(22) - 2f(x + y)]
~[f(22 + x + o(y)) + f(22 — x + y) - 2f(22) - 2f(x + o(y))]
Hf(=x + 2z + y) + f(=x + 2z + o(y)) — 2f(~x + 22) - 2f(y)]
Hf(x + 22 + )+ flx + 22 + o(y)) - 2f(x + 22) — 2f(y)]
+2[f(2z + x) + f(2z — x) — 2f(22) - 2f(x)],
and we get
If( +3) + flx + oly)) - 2f(x) - 2/ ()] < 35. (2.6)

If x =y =0, then we choose an arbitrary z € E with |z = d. So, by
using the above decomposition (Case 2), we get [2f(0)] < 35.
Consequently, the inequality

[£(x + 3)+ fx + o(y)) = 2f(x) - 2f(y)| < 53 + 5y,
holds for all x, ¥y € E. Now, in view of [1], we get the rest of the proof. [

Corollary 2.2. A mapping f : E — F is a solution of Equation (1.2),
if and only if

If(x) = (o)} - 0 and iggllf(x + )+ flx + o(y) - 2/(x) - 2/ (¥)| = O,

2.7

as x| — +w.

Proof. According to our asymptotic condition, there exist two

sequences (8, ) and y,,, monotonically decreasing to zero such that
Ifxc + )+ flx + o(y)) - 2f(x) = 2f ()] < 3,
£ (x) = f(c())] < v,
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for all x, y € E with |x| = n. By Theorem 2.1, it follows that there exists
a unique solution of Equation (1.2): q,, : E — F such that

56 . 5Y,

I£(x) ~ gul < 2o+ 2l

(2.8)

for all x € E. Let n and m be integers satisfying m > n > 0. In view of
(2.8), we get

Om . m < 5%, " 5Y, (2.9)

5

for all x € E. Consequently, by using the uniqueness of q,, we obtain
9, = ¢q, forall n, m € N. Finally, by letting n — +wo, we get that fis a

solution of Equation (1.2). The reverse assertion is obvious. O

Corollary 2.3 (c=-I). Let d>0,y>0, and >0 be given.
Assume that a mapping [ : E — F satisfies the inequalities

I+ )+ flae = ¥) - 2f(x) - 2 ()] < &, (2.10)

If(x) = (=) < v, 2.11)

for all x,y e E with |x|=d. Then, there exists a unique solution

q : E — F of the quadratic functional equation (1.1) such that

If) - )] = 3+ L 2.12)
forall x € E.

Corollary 2.4. A mapping f : E - F is a solution of (1.1), if and
only if
[f(x) - f(=x)| — 0 and sug”f(x +y)+ flx - y) - 2f(x) - 2f(y)| — O,
ye

(2.13)

as x| - +o.

Corollary 2.5 (c = I). Let d > 0 and & > 0 be given. Assume that a
mapping [ : E — F satisfies the inequality
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IF(x + y) = f(x) - F)] < 8, (2.14)

for all x,y e E with |x|>d. Then, there exists a unique additive

mapping A : E — F such that
[f(x) — A(x)| < 58, (2.15)
forall x € E.

Corollary 2.6. A mapping f : E — F is additive, if and only if

Sugllf(x + ) - f(x) - f(y)] > 0, (2.16)
ye

as |x| — +w.

By using the proof of Theorem 2.1 and Corollary 2.2, we get the
following results.

Corollary 2.7 [18]. A mapping [ : E — F is a solution of Equation
(1.2), if and only if

Sugllf(x +y)+ flx + o(y)) - 2f(x) - 2f(y)| = 0, (2.17)

as |y — +e.

Corollary 2.8 [18]. A mapping [ : E — F is a solution of Equation
(1.2), if and only if

If(x + ¥) + f(x + o(y)) - 2f(x) - 2f(y)| - O, (2.18)
as x| +[|ly| & +=.

Corollary 2.9 [13]. A mapping f : E — F is a solution of Equation
(1.1), if and only if

IF(x + y) + flx = y) = 2f(x) - 2f ()] — O, (2.19)
as |x|| +[|ly| = +.
Corollary 2.10 [28]. A mapping f : E — F is additive, if and only
if
If(x + y) - f(x) - f(y)] = O, (2.20)

as |x|| +[|ly| = +=.



294 ELQORACHI ELHOUCIEN et al.

3. Hyers-Ulam Stability of Equation (1.3)
on Unbounded Domains

In this section, we establish the Hyers-Ulam stability theorem for

Equation (1.3) on unbounded domains: {(x, y) € E2 : || = d}.

Theorem 3.1. Let d > 0,8 >0, and y > 0 be given. Assume that a

mapping [ . E — F satisfies the inequalities
I+ y) + flx + o(y)) - 2f(x)] < 8, (3.1)
If () + flo())] < v, (3.2)
for all x,y e E with |x|>d. Then, there exists a unique additive
mapping J : E - F as a solution of Equation (1.3) such that J(o(x)) =
-J(x), and
[£(x) = £(0) — J(x)|| <128 + 9y, (3.3)
forall x € E.
Proof. Let us show that the function x — |f(x) + f(o(x))| is bounded

on E. For each x € E, such that 0 < |x| <d and for z = 2"x with n

large enough, we have.

Case 1. o(x) # x. From |z > d, |o(2)|| > d, and |x + o(2z) - 2| > d,

the inequalities (3.1), (3.2), the triangle inequality, and the following

equation
f(x) + f(o(x)) = [f(o(z) + x = 2) + f(o(x)) - 2/(c(2))]

Hf(z + o(x) - o(2) + f(z + x - 2) - 2f(2)]

+2[f() + f(o(2)] - [f(o(2) + x = 2) + f(z + o(x) - o(2))],
it follows that

[F(x) + f(o(x)| < 28 + 3y. (3.4)
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Case 2. o(x) = x. From the following relation,
flx) + f(o(x)) = [f(z + x = 2) + f(=z + o(x) = (2)) - 2f(2)]
+Hf(2) + f(s(2))],
we get
[F(x) + f(o(x)] <& +y. (3.5)
Consequently, we have
[£(x) + f(o(x)] < 28 + 3y, (3.6)
for all x € E - {0}.

Now, we prove that the function: (x, y) — |f(x + ¥)+ f(x + o(y)) -
2f(x)| is bounded on E. Let x, y € E such that ||| < d. If x = 0, then by

using (3.6), we obtain
170 + y) + £(0 + o(y)) = 2f(0)] < 25 + 3y + 2| (0)). (3.7)
For x # 0, we choose z = 2"x, n € N, and we discuss the following cases.

Case 1. of(x) # x. For n large enough, we can easily verify that
|x—2| 2 d,|x -—o(z)]| 2 d, |x —2+0o(2)| >d, and |x —o(z)+y+2| > d.

Therefore, from (3.1), (3.2), the triangle inequality, and the following

relation,
fle +y)+ flx + o(y)) - 2f(x)
= [flx + y)+ flx — 2 + o(y) + o(2)) - 2f(x - 2)]
Hf(x = o(z) + y + 2) + f(x + o(y)) - 2f(x - o(2))]
f(x) + flx - z + o(2)) - 2f(x - 2)]
~{f(x) + f(o(x) - of2) + 2) - 2(2)]
~[flx =z + o(y) + o)) + f(o(x) + ) — 2f(o(2))]
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Hf(o(x) + y) + flo(x) - 2 + o(y) + o(2)) - 2f(o(x) - 2)]
+2[f(x - o(2) + f(o(x) - 2)] - 2[f(2) + f(o(2))]
Hf(x — 2z + o(2)) + f(o(x) - o(2) + 2)]
~f(x —o(2) + 5 + 2) + flo(x) — 2 + o(y) + o(2))],
we get
[£(x +3) + flx + o(¥)) - 2f(x)] < 65 + 6v. (3.8)
Case 2. o(x) = x. By using (3.1, (3.2), and the following decomposition
fle + )+ flx + o(y)) - 2f(x)
=[flx-z+y+2)+flx—z+0o(y)+2)-2f(x - 2)]
~f(=z + x + 2) + f(-z + o(x) + 2) — 2f(-2)]
Hf(-z + x) + f(-z + x) - 2f(-2)],
we get
£ + )+ f(x + () = 2f(x)] < 35. (3.9)

If x =0 =y, then we choose an arbitrary z € E such that |z| = d. By

using the above decomposition (Case 2), we obtain |f(0)| < 33.

Finally, the inequality
[f(x + y)+ flx + o(y) — 2f(x)| < 85 + 6y, (3.10)

holds true for all x, y € E. Now, from [16], one gets that there exists a
unique additive mapping J : E — F, which satisfies the inequality (3.3).
Furthermore, J(o(x)) = —J(x) for all x € E. This completes the proof of

theorem. 0

Corollary 3.2. A mapping f : E — F is a solution of Equation (1.3),
if and only if
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|f(x) + f(o(x))]| > 0 and _f/lelg"f(x +3)+ flx + o(y)) - 2f(x)] > 0, (3.11)

as x| - +o.

Corollary 3.3 (6 =-I). Let d>0,y>0, and § >0 be given.

Assume that a mapping f : E — F satisfies the inequalities
If (o + )+ flx — ) = 2f(x)] <8, (3.12)
If () + F(=)] < v, (3.13)

for all x,y e E with |x|>d. Then, there exists a unique additive

mapping J : E — F solution of the Jensen functional equation (1.3) such
that J(-x) = —J(x), and

If(x) = £(0) = J(x)|| < 125 + 9y, (3.14)
forall x € E.

Corollary 3.4. A mapping f : E - F is a solution of (1.3), if and
only if

[f(x) + f(—x)|| > 0 and sug"f(x +y)+ flx —y)-2f(x)| = 0O, (3.15)
ye

as || — +o.

Corollary 3.5 [18]. A mapping f : E — F is a solution of (1.3), if
and only if

sug"f(x + )+ flx + o(y)) - 2f(x)| = 0, (3.16)

as [ly| = +=.

Corollary 3.6 [18]. A mapping f : E — F is a solution of (1.3), if
and only if

[£(x + y)+ fx + o(y)) - 2f(x)| = O, (3.17)

as x| + [ly]| & +.
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4. Hyers-Ulam Stability of Equation (1.4)
on Unbounded Domains

In this section, we investigate the stability of the Jensen functional

equation (1.4) on a restricted domain: {(x, y) € E? . ]| = d}.

Theorem 4.1. Let d > 0 and 6 > 0 be given. Assume that a mapping
f 1 E — F satisfies the inequality

[£(x + y) = flx + o(y)) - 2f(y)|| < 8, (4.1)

for all x,y e E with |x|>d. Then, there exists a unique additive

mapping j : E — F solution of the Jensen functional equation (1.4) such

that j(o(x)) = —j(x), and
If(xc) = j(x)] < 38, (4.2)
forall x € E.

Proof. Let x, y € E such that 0 < |x| < d. We choose z = 2"x,
where n is large enough, so |z]| = d, |x + 2| = d, and |z + o(x)| = d. From

(4.1), the triangle inequality, and the following decomposition,

2Af(x +y) = fx + o(y)) - 2f(v)]
= {fz +x + y) - f(z + olx) + o(y)) - 2f(x + ¥)]
+Hf(z + x + o(y)) - f(z + olx) + y) = 2f(x + o(y))]
Hfle + 2+ ) - flo + 2+ oy) - 2f(v)]
+Hf(z + olx) + ¥) = f(z + o(x) + o(¥)) - 2/(¥)],
we have
If(x + ) = flox + o(y)) - 2f ()] < 23, (4.3)

for all x, y € E with x # 0. Now, if x = 0, the following relation with an

arbitrary z € E such that |z| = d
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2[/(0 + )~ £(0 + o(y) - 2f(¥)]
= -{fz + x + ) - f(z + o(y)) - 2f(»)]
+HF(z + o()) - f(z + ) - 2f(o(y))]
+2[f(z + y) - f(z + () - 2f(»)],
implies that
IF(0 + ¥) = (0 + () - 2f(y)] < 23,

for all y € E. Consequently,
If(x + ) = f(x + o(y) - 2f(¥)] < 23,

for all x, y € E, so from [17], there exists a unique additive mapping
j:E —> F such that j(o(x)) = —j(x) and |[f(x)— j(x)| < 35. This ends
our proof. O

Corollary 4.2. A mapping f : E — F is a solution of Equation (1.4),
if and only if

Sugllf(x +y) - f(x + o(y) - 2f(y)| = O, (4.4)
ye

as x| - +e.
Corollary 4.3 (c = —I). Let d > 0 and & > 0 be given. Assume that
a mapping f : E — F satisfies the inequality
If(x + ) = Fx = y) = 2f(y)] < 5, (4.5)
for all x,y e E with |x|>d. Then, there exists a unique additive
mapping j : E — F solution of the Jensen functional equation (1.4) such
that j(-x) = j(x) and
£ (x) — j(x)] < 33, (4.6)
forall x € E.

Corollary 4.4. A mapping f : E — F is a solution of (1.4), if and
only if

SuEpllf(x +y) - flx - y)-2f(y)| = 0, (4.7)
ye

as x| - +o.
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